Abstract: Free bosonic fields are investigated at a classical level by imposing their characteristic time periodicity as a constraint, in analogy with finite temperature field theory and with extra-dimensional field theories. Following the de Broglie hypothesis, this compactification naturally leads to a quantized energy spectrum with gaps given by the related fundamental frequency times the Planck constant. As a consequence of the relation between periodicity and energy, the time compactification must be regarded as dynamical and local. Thus the theory turns out to be consistent with special relativity and in particular respects causality. Remarkably, the non trivial classical dynamics of these periodic fields show formal, conceptual and phenomenological correspondences with the usual quantum theory of free fields. By extending the theory to a simple interaction scheme, we derive a novel interpretation of the AdS/CFT correspondence.
Introduction
The problem of the nature of time has always played a fundamental role in physics. In modern physics the concept of time is local and dynamical. Time emerges as a fourth dimension in addition to the spatial ones, due to the Minkowski metric. Considering that the definition of relativistic clock is given by counting the number of cycles of a phenomenon "supposed" to be periodic, a relativistic and dynamic periodicity, related to the relative motion of the reference frames, is not in contradiction with the Einsteinian concept of time [1, 2] . In fact, since the Lorentz transformation between two reference frames induces a variation of time intervals, there is also a corresponding variation of the free wave periodicity, in analogy with the relativistic Doppler effect. Concerning general relativity, we only note that the Einstein equations admit time periodic metrics [3] . Recently, the idea of a compact time dimension at a cosmological scale, i.e. a universe intrinsically periodic or cyclic, has become of growing interest for the understanding of the origin and end of the universe [4, 5] . A similar approach [6, 7] leads to interesting interpretations of the entropy variation in the universe. Moreover, in black hole thermodynamics, the space-time curvature yields a metric with time periodicity 8πGM ⊙ , due to the black body mass M ⊙ . After Wick rotation this leads to the Hawking radiation. Among the most challenging issues in modern physics there are still those concerning the notion of time. For instance, the relativistic laws are compatible with an inversion of the time arrow. On the other hand, from a statistical point of view, the time arrow is fixed by the second law of thermodynamics, which states that the total entropy of the universe must increase for probabilistic reasons. Also in non-relativistic quantum mechanics, time plays a peculiar role with respect to the spatial variables. Within the Hamiltonian formulation, the time dimension emerges dynamically through the Schrödinger equation, whereas the Lagrangian formulation highlights a connection between statistic and quantum mechanics. In fact there is a close analogy between the Boltzmann formulation of statistical mechanics and the Feynman path integral formulation of quantum mechanics [8] . It is well known that the quantization of three-dimensional statistical systems is achieved by adding a periodic time dimension of Euclidean type [9, 10] . This is field theory at finite temperature. The statistical quantum systems studied in this way are those of quantum fields at thermal equilibrium, whose Euclidean periodicity is proportional to the inverse of the temperature. To study interactions between fields with different periodicity means to study the non trivial problem of a field theory at finite temperature in a non-equilibrium regime, where the original periodicities are lost.
The implicit assumption of this work is a generalization of the semi-classical approach to quantum mechanics, known as the de Broglie hypothesis [11, 12] : every field has a given time periodicity as long as it does not interact; its fundamental frequency fixes the energy of the related quanta. We will investigate the consequences of such a dynamic periodicity hypothesis, limiting ourselves to bosonic fields.
Theories with time periodicity are studied in different branches of physics such as quantum mechanics, thermodynamics, statistical mechanics, cosmology and elementary particle physics. From a relativistic point of view, the Lorentz transformations emerging from the Minkowskian metric do not prescribe any boundary conditions to the space-time dimensions. On the other hand, the solution of relativistic differential systems requires the assumption of suitable conditions on the four-dimensional boundaries in which the theory is embedded. The important requirement is that the boundary conditions must minimize the relativistic action on the boundaries in order to respect the symmetries of the theory. For this reason the fields are usually assumed to have fixed values at initial and final times, but more general boundary conditions for the time dimension can be chosen. In fact, the symmetries of the relativistic action allow periodic, antiperiodic or, depending on the model, more complicated combinations of Dirichlet and Neumann boundary conditions. We will investigate the de Broglie hypothesis assuming time periodicity as a constraint of the Klein-Gordon action, in analogy with the Matsubara thermodynamical theory [13] and the Kaluza-Klein extra-dimensional theory [14, 15] .
In the first instance, we restrict our study to elementary isolated systems, where the resulting motion is usually given by periodic orbits in phase-space. The semi-classical or Bohr-Sommerfeld quantization condition for these simple systems says that the allowed phase-space orbits are those with an integer number of periods. A typical application of this approach are the Bohr orbitals of electrons in the Hydrogen atom, which historically was one of the first evidences of quantum mechanics -but it can be extended to other simple quantum mechanical problems. This semi-classical quantization can be regarded as a time periodicity condition. To illustrate this interpretation we will concentrate on periodic bosonic fields, i.e. the free relativistic waves with periodic boundary conditions. This is one of the simplest and most fundamental systems in nature. Continuing using arguments as simple as possible, we note that a naive way to obtain a quantization of the energy is to set its conjugate variable, namely the physical time, on a finite interval. This is in close analogy to the Kaluza-Klein theory where a discrete mass spectrum is obtained by imposing the field embedded in a compact spatial extra-dimension. The solution of the mass spectrum is obtained from a differential system analogous to the Schrödinger oneprovided the identification of the extra coordinate with the time is made [16, 17] . This is a consequence of the fact that the Klein-Gordon equation is the relativistic generalization of the Schrödinger equation. Following the de Broglie approach to quantum mechanics, when we consider the case of a four-dimensional scalar field with the physical time dimension on a periodic interval of length T t = 2πR t , we will obtain a tower of resonances with energy gap /R t , as we will see in sec. (2) . Thus, the interpretation that we will give of the energy resonances is that of the quanta of a field with angular frequencyω = 1/R t . The relevant consequence is that the energyĒ of a single quantum is related to the inverse of the compactification period T t through the Planck constantĒ = h/T t , as shown in sec.(2.1). The main difference with to Kaluza-Klein theory is that the compactification radius R t is now fixed by a dynamical parameter like the energy and not by an invariant parameter like the mass.
For a massive relativistic wave we assume that it is possible to choose a rest frame where the proper time and the physical time coordinate coincide. Therefore there is an induced periodicity on the proper time which in turn induces a discretization of its conjugate physical variable, the mass. The proper time can be regarded as a virtual extra-dimension.
So, once again working in analogy with extra-dimensional theories and making use of Lorentz transformations, we get a tower of energy eigenstates whose dispersion relations are those of massive relativistic particles, as the quanta in the usual quantum relativistic field theory. The mass of the resonances is given by the inverse of the proper time periodicity which in turn fixes the upper limit of the physical time periodicity, sec.(2.2). As we shall see, a boson with the mass of an electron has an intrinsic periodicity, related to the Compton wave length, of about 10 −22 s. Even for a mass as light as that of the electron, the periodic dynamics are extremely fast. For instance, the oscillation period of the Cs 133 atom which gives the operative definition of time is of the order of 10 −10 s.
The resulting periodicity for this compact time field theory is indeed dynamical and local, being related to the inverse of the energy. This means that the compactification radius must not be regarded as static since it changes according to the relativistic laws and energy conservation. First of all, fields observed from different reference frames appears with different energies and thus with different periodicities, in agreement with the underlying Lorentz transformation. Secondly, turning on a source it induces a retarded variation of the energy in a given space-time point which corresponds to a retarded variation of the time compactification radius, in agreement with the relativistic Green function and causality, sec.(2.4). In other words, interactions destroy the periodicity in the sense that the system passes from one periodic regime to another depending on the amount of energy exchanged, just as in Compton scattering. In this way we can order events in time and thus we have found that the dynamical periodicity arising from our theory respects causality. On the other hand, one must bear in mind that it is only correct for the study of free fields in a given reference frame to assume static periodicity. In the static case there are no events, thus there is no notion of causality.
The aim of this investigation is to stress the analogy between dynamical periodic fields and quantum fields, sec. (3) . From the analogy with the Kaluza-Klein theory we find that the time evolution of the energy eigenstates is given by the Schrödinger equation. Moreover, they form a complete set of eigenstates with an underlying inner product which can be used to build a Hilbert space, sec.(3.1). Formally, with this at hand, the Feynman path integral for free bosonic fields arises without any further assumptions, sec.(3.2). To highlight the quantum behavior of our theory we will use mainly the path integral approach to quantum mechanics, even though the Hamiltonian formulation and the commutation relations can be easily derived directly from the periodic wave function, sec.(3.3). Due to the periodic nature of the theory we can immediately extract the Heisenberg uncertainty relation and a Bohr-Sommerfeld condition, sec. (3.4) .
The path integral that we formally get is a consequence of the fact that when the time evolution is larger than the fundamental period, the non trivial periodic dynamics yield a class of equivalence between final and initial space-time points translated by spacetime periods. Therefore it is possible to reach a given final configuration following a class of periodic on-shell paths. In other words the field interferes with itself because of the periodic boundary conditions, sec.(4.1). From these considerations we observe an analogy with Brownian motion and with the random walk. Furthermore, an interesting formulation of the possible deterministic nature of quantum theory has been proposed by 't Hooft. The 't Hooft determinism [18, 19] shows that there is a close relation between a classical particle moving on a circle and the quantum harmonic oscillator. It can be approached from our theory, for instance, using the dimensional deconstruction method [20, 21] , that is supposing periodic time on a lattice. The periodicity of the system is intrinsically so fast that it would appear at every observation in a different phase of an apparently aleatoric evolution [22] . The transition probability from one state to another turns out to be in agreement with usual quantum rules for the harmonic oscillator. Since quantum behavior arises from a classical system we can talk about determinism or pre-quantization, sec.(4.2). Within these scenarios important efforts to formulate quantum mechanics from a theory with compact dimensions have been made in [23, 24, 25] . In this case periodic dynamics can reproduce quantum evolutions in terms of an emerging effective time. We note that, by supposing that the quantum behavior arises from periodicity conditions along the time dimension, we are introducing an implicit non-locality and avoiding the explicit introduction of hidden variables, so that the model is not constrained by Bell's or similar theorems [26] .
Since a periodic time dimension induces periodicity to the proper time we have an analogy with string theory where one of the two worldsheet parameters -the analogue of the proper time -is compactified. In this way the compact time field theory should inherit good behavior from string theory whose technologies may be used as a starting point to understand interactions. In sec. (5) we give qualitative pictures of the interacting periodic fields. The most trivial example is Compton scattering, which is formally unchanged with respect to the usual formulation. Moreover, having in mind the analogy to finite temperature field theory, we can imagine to prepare a volume of quarks and gluons at high temperature, i.e. at high energy, for example using a collider. In the hot medium we can suppose the fields as massless, thus the chiral symmetry as well as the conformal symmetry can be thought of as unbroken. Outside thermal equilibrium the system starts to loose energy by radiating hadronically or electromagnetically. Therefore it passes from a high energy regime, characterized by a small time compactification radius, to a low energy regime, characterized by a large time compactification radius. Because of this analogy to a thermodynamic system [27] and the hydrodynamic Bjorken model [28] , we assume that, during this freeze-out, the energy of the system would decrease exponentially, or equivalently that the compactification radius would increase exponentially. Parametrizing this exponential dilatation of the space-time coordinates with an invariant coordinate such as the proper time, we find that the system turns out to be described by five-dimensional fields with zero five-dimensional mass embedded in an virtual AdS metric. In fact, the proper time plays the role of a virtual warped extra-dimension along which a periodic field acquires different energies. In particular this provides an approximative interaction picture encoded in the warped geometry. As a consequence of the analogy between our periodic fields and the usual quantum fields, imposing a variation of the time compactification radius by moving along the virtual warped extra-dimension, we describe an evolution of the quantum observables with the energy. Hence, we get a close parallelism with the AdS/CFT correspondence. Interpreting the Maldacena conjecture [29] as in Witten's work [30] , it describes a parallelism between classical fields in a warped dimension and quantum phenomena in a lower dimensional theory, sec.(5.1). Even though there has been no math-ematical proof, this duality has passed several non trivial tests in very different theories and seems to encode the quantum behavior in classical configurations of an (warped) extra dimension. Actually, this interpretation of the AdS/CFT correspondence encouraged the following investigation, since it appears as a particular case of the correspondence between compact time fields and quantum fields that we are going to discuss. As a qualitative example of this approximative interaction scheme we review well know results [31, 32] of the AdS/QCD correspondence, sec.(5.2).
In app.(A) we will see how the discrete energy levels can be populated with different statistical probabilities. For instance, in a thermal field, we can assume these statistical probabilities to be given by the Boltzmann law, app.(A.1). Therefore, if the thermal energy is very high with respect to the energy of a single quantum, many energy levels of the field can be excited. On the contrary, if the temperature is very low, only the first level is largely populated. We will argue that, in the thermal massless periodic field case, if the energy of a single quantum is so low that we can suppose the energy spectrum to be continuous, we have the usual relativistic wave theory, app.(A.2). This limit is obtained by supposing an infinite compactification radius R t or, equivalently, a vanishing Planck constant h. On the other hand, in the limit of a small compactification radius R t or large h, the gap between the energy levels becomes manifest and we have a description in terms of quanta of the field. This is what we need to avoid the ultraviolet catastrophe of the black body radiation. In the thermal massive periodic field case, if the thermal energy is low with respect to the mass, only the first level is significantly populated and we get the non-relativistic free particle limit as it arises from the Feynman formulation, app.(A.3). On the contrary, at high energy with respect to the rest mass, or equivalently with spatial resolution smaller than the Compton length, we have the usual quantum relativistic limit of multiparticle states. This is because, in this limit, many levels can be reached and the field behaves as a localized relativistic wave, whose characteristic width is the Compton length. Thus, the classical limit of a massive periodic field is a single classical particle, since we get a sharp probability distribution in configuration space, whereas we get a localized wave in the relativistic limit. Indeed, this is the correct interpretation of the dualism between waves and particles as well as of the double slit experiment, app.(A.4).
In order to give a concrete check of the periodic nature of quantum mechanics we will discuss the quantum harmonic oscillator and superconductivity. They provide a trivial and a non trivial quantum phenomenon respectively, which however can be extended to other similar examples. Imposing that the solution of the classical oscillator is a wave function with the characteristic periodicity of the system, app.(B.1), we find the same solutions as from usual quantum theory, up to an unimportant phase factor [33, 34] . For non-relativistic problems with simple potentials the allowed solutions are those with an integer number of time periods along the phase-space orbit. This is analogous to the Bohr-Sommerfeld quantization. In order to describe superconductivity, app.(B.2), we apply gauge symmetry breaking mechanisms inspired by extra-dimensional theories [35] . We find that at low temperature there is an effective breaking of the electromagnetic gauge symmetry [9] . The resulting quantization of the magnetic flux describes a superconducting regime [36] . In principle, this approach can be extended to other collective quantum phenomena.
Dynamic approach to compactified time
The relativistic kinematics are based on the four-dimensional Minkowskian metric
and the related Lorentz transformations. In this metric a Klein-Gordon complex field Φ KG (x, t) with mass M obeys the equation 2) and it holds the relativistic dispersion relation
It is worth noting that the solutions of this differential system depend on the boundary conditions imposed on the field and that neither the Minkowskian metric nor the Lorentz transformations prescribe restrictions to them. The boundary conditions must be chosen such as to satisfy the symmetries of the theory. For a generic scalar field Φ(x, t) with time evolution inside the interval t ∈ [t ′ , t ′ + 2πR t ] and no additional boundary terms, the important requirement is that the boundary conditions must minimize the action on the time boundaries, that is
In the usual field theory this relation is satisfied by choosing fixed values of the field at the initial and final times δΦ(x, t ′ ) = δΦ(x, t ′ + 2πR t ) ≡ 0. 1 But periodic, antiperiodic or combination of Dirichlet and Neumann boundary conditions are compatible with the symmetries of the action as well, see for example [35] . From eq.(2.4) we see that formally these conditions have the same validity of the conditions usually assumed in field theory. In particular, we want to explore at a classical level the physics of a free field imposing its characteristic periodicity as a constraint, which means the following invariance for the scalar field
Imposing a periodicity on the physical time dimension in order to satisfy eq.(2.4), does not mean to localize the wave function in a particular space-time region. Skipping mathematical details, an equivalent way to interpret the condition eq.(2.5) is to take the time either on an interval t ∈ (t ′ , t ′ + 2πR t ] or on the whole interval in R where periodic condition eq.(2.5) is satisfied. In any case the whole information is contained in a single period. Using a terminology common in Kaluza-Klein theories we can say that the time is on a circle t ∈ S 1 with compactification radius R t , but this does not mean that we are deforming the Minkowskian background eq.(2.1). More generally we can say that the time is on an orbifold S 1 /Z 2 and the periodic or antiperiodic solutions are those with even (Z = +1) or odd (Z = −1) orbifold parities.
Indeed such a theory is also similar to the Matsubara theory which is a field theory with a compact Euclidean time. One can pass from the Euclidean theory to the Minkowskian one and vice versa using analytic continuation or Wick rotation.
As we will see, in the case of periodic fields there is a quantization of the energy spectrum, instead of a quantization of the mass spectrum as in the Kaluza-Klein theory. In sec.(2.1) and sec.(2.2) we will find for both massless and massive fields that every energy eigenmode has the dispersion relation of a relativistic massless and massive particle respectively. In particular we find a dynamical nature of the compactification since the time period T t = 2πR t in eq.(2.5) will turn out to be related to the inverse of the energy. Furthermore, we shall see in which way such a dynamical compactification respects Lorentz invariance, sec.(2.3), and how it agrees with relativistic causality, sec.(2.4).
Massless bosonic field
We want to analyze relativistic massless waves with periodicity T t imposed as a constraint. The problem is described by the following massless Klein-Gordon action
In order to satisfy the variational principle on the boundaries, eq.(2.4), we impose the periodic condition eq.(2.5) on the solutions of the equations of motion. Thus we can decompose the field in terms of eigenmodes
where the time evolution for a single eigenmode is given by
In order to fulfill the periodicity on eq.(2.5), the appropriate choice of the angular frequencies is
The eigenfunctions u n (t) form a complete and orthogonal set, so that we can reduce the dimensionality of the action eq.(2.6) by performing the time integral and making use of the orthogonality conditions:
In this way we have decompactified the four-dimensional action eq.(2.6) as a sum over three-dimensional actions of the eigenmodes Φ n (x). Proceeding similarly to extra-dimensional and finite temperature field theories, we identify the frequencies ω n with the energies E n of the eigenmodes using a constant which, for dimensional reasons, we chose to be the reduced Planck constant . In fact, from the equations of motion we deduce that the solutions are given in terms of plane waves. Calling the conjugate variables of spatial coordinate for the n th eigenmode k n (wave number) we find
Comparing with the massless dispersion relation 12) it is natural to assume that
This associates the energy E n to the n th eigenmode. The relevant aspect of this result is that there is a discretized (quantized) energy spectrum and the Planck constant h relates the temporal period to the inverse of the energy. After the decompactification we have a tower of energy eigenstates exactly as in extra-dimensional theories one finds a tower of massive eigenstates. The main difference with extra-dimensional theories is that the mass is four-dimensional invariant (but not five-dimensional invariant) whereas the energy of the field is a dynamical quantity. Since this is a massless on-shell field, the time periodicity is induced on the absolute values of the spatial dimensions as well. From eq(2.11) it follows that, the absolute values of the momenta are discrete
In other words, since in the massless case the field is on the null (light-like) geodesic ds 2 = 0, we get c 2 dt 2 = dx 2 and thus a spatial periodicity
The gap between the energy levels can be expressed in terms of the fundamental energy level (the energy of the eigenmode with n = 1). We will denote it with the bar sign, so it has energy, momentum and angular frequencyĒ,p andω. Thus, eq.(2.13), the compactification radius is fixed by the fundamental energy through the following relation
This relation, namely the de Broglie relation, emerges naturally from the periodic field formulation and we take it as one of the fundamental assumptions of this work. The dispersion relation for the first eigenmode in this massless case, eq.(2.14), is
The usual relativistic massless fields is obtained in the limit of infinite compactification radius, or equivalently by taking the radius constant and doing the limit of small , see fig(1.a) . Both limits tend to decrease the gap between the energy levels, thus obtaining a continuous energy spectrum, as shown on the left side of fig(1.b) . On the contrary, in the limit of large or high fundamental frequencyω(p), we obtain a discretized energy spectrum, right side of fig(1.b) . We will see in app.(A.2) that this is exactly what is required to avoid the UV catastrophe in the black body radiation. In fact, in app.(A.1) we will study a periodic field in equilibrium with a thermal bath assuming that the probability to populate different energy eigenstates is given by the Boltzmann law. Fig.(b) shows the resulting energy spectrum E n (p) = n ω(p) where the fundamental energy level follows the relativistic dispersion relation of a massless particle. In the limit of zero momentum the compactification radius tends to infinity giving a continuos energy spectrum.
Massive bosonic field
To obtain a consistent description of massive periodic fields we must first do some considerations concerning the Minkowskian metric eq.(2.1). The assumption here is that a massive relativistic wave is no more on the null (time-like) geodesic. Since we are supposing ds 2 = 0 the time periodicity is induced on the proper time τ . 2 In fact the real time and proper time periodicities are related by Lorentz transformation. The conjugate variable of the proper time is the inertial mass, therefore we expect a quantization of the mass spectrum. As will became clear later, we approach the theory as a Kaluza-Klein theory for a massless five-dimensional Klein-Gordon field with periodic extra-dimension and periodic real time. In fact, if we suppose that the spatial extra-dimension is s = cτ , the resulting five-dimensional metric is
Being dS 2 ≡ 0 for a five-dimensional field with zero five-dimensional mass, we recover the usual four-dimensional Minkowskian metric eq.(2.1). We see that the proper time τ acts like a virtual extra-dimension. If we suppose also constant spatial separation (dx 2 = 0 or equivalently zero momentump = 0), the proper time coincides with the real time
The compactification of the real time induces a compactification of the proper time, that is of our virtual extra-dimension, or vice versa. The length of this extra-dimension is therefore fixed by the time periodicity at zero momentum: that is T τ = T t (0). We can now proceed in analogy with the massless case. With these assumptions the scalar field can be written as a double sum over eigenstates, one over discrete energies because of the periodic time and one over discrete masses because of the induced periodicity on the proper time 20) whereσ = 2π/λ s and λ s = cT τ . The five-dimensional Klein-Gordon action for a field with zero five-dimensional mass becomes
where we have decompactified the proper time. In analogy with eq.(2.10) and eq.(2.16) we have obtained a tower of four-dimensional Kaluza-Klein fields with mass gap
Then, we decompactify the real time obtaining
The dispersion relation for the three-dimensional eigenmodes Φ ns,nt (x) is
Since at zero momentum (k ns,nt → 0) the proper time and real time periodicities are related through eq.(2.19), we can identify n s = n t = n. Finally we writē 25) where k ns,nt = np and thus
In analogy with the massless action in eq.(2.10), the action eq.(2.23) can be seen as a sum over energy eigenmodes with masses M n = nM, that is 3
We have indeed obtained that the discretized energy spectrum in terms of the compactification radius is still given by eq.(2.16), but now every eigenstate obeys the dispersion relation of a relativistic massive particle, as shown in fig(2.b) . From eq.(2.22), we can interpret the mass as the inverse of the proper time periodicity: the smaller the mass the longer the period. Since the energy is bounded from below by the massĒ(p) M c 2 , the time compactification radius has the upper invariant bound
Indeed the mass fixes the inertia of the motion, fig(2.a) . The proper time periodicity of the field, known as the de Broglie periodic phenomenon [11, 12, 37] , is
It has indirect experimental evidences [38] and to this periodicity the length
it is associated, which is nothing else than the Compton wave length. For instance, a boson with the same mass of an electron has a Compton wave length λ s ∼ 2π × 4 · 10 −13 m which leads to a proper time periodicity T τ ∼ 8 · 10 −21 s. Such a microscopic time scale is unobservable in experiments even for such a light particle. 4 
it is shown the resulting energy spectrum E n (p) = n ω(p) where the fundamental energy level follows the relativistic dispersion relation of a massive particle with massM . The proper time compactification radius R τ = M c fixes the upper limit for the time compactification radius.
In app.(A.3) we will show that the massive periodic field in the limit of small momentā p effectively reproduces the usual non-relativistic free particle. In this limit only the first level is largely populated. This aspect gives rise to a wave/particle duality which is consistent with the double slit experiment, as we shall prove in app.(A.4). 4 It is worthwhile noting that the operative definition of time is given concretely by counting the number of periods of a "well know periodic system". The most accurate definition of second is the duration of 9,192,631,770 periods of the radiation corresponding to the transition between the two hyperfine levels of the ground state of the cesium 133 atom [SI] . By definition this period is ∼ 10 −10 s, whereas the best experimental resolution on resolving time known to the author is about ∼ 10 −15 s [39] . On the other hand, the periodicity explored at the T eV scale is of the order of ∼ 10 −27 s.
Lorentz transformations
To see that the periodicity in physical time and in proper time are consistent with special relativisty, we perform a Lorentz transformation from the rest frame of the massive field to another reference frame with velocity v(p)
Finally, we see that the variation of the periodicity due to eq.(2.25) is consistent with Lorentz transformation eqs.(2.31). The previous equations show why the periodicity emerges as a dynamical constraint which changes from one reference frame to another. The periodicity is different if observed from different reference systems, exactly as every other time interval in special relativity. In fact, the four-dimensional vector (ω(p)/c,k) is Lorentzcovariant, whereas the phase of the relativistic fields is invariant under Lorentz transformation [11, 12, 37] . The relativistic variation of the period prescribed by eqs. Furthermore we introduce a spatial periodicity λ x in analogy with the massless case, eq.(2.15). The dispersion relation, eq.(2.25), suggests that we can associate to the mass, to the energy and to the momentum a geometrical interpretation in terms of proper time, real time and spatial compactification radius
where
At this point a small digression about Lorentz invariance in theories with compact dimensions is necessary. To start with, we refer to theories with a compact flat extradimension (without lower dimensional terms as brane or boundary terms). In these scenarios we note that the fundamental five-dimensional theories are five-dimensional Lorentz invariant but the arising effective low energy theories are usually only four-dimensional invariant. In complete analogy with the decompactification of the time dimension in eq.(2.10) we can decompactify the extra-dimension obtaining an equivalent theory with an infinite sum of four-dimensional Kaluza-Klein modes. The equivalence means that this infinite sum over four-dimensional modes is five-dimensional Lorentz invariant as in the original formulation. From this decompactified formulation we can obtain the effective theory by eliminating all the mass eigenmodes with masses above the highest energy we want to investigate. In first approximation this is done by truncating the sum over the eigenmodes. Therefore the Lorentz invariance breaking is not because of the compactness of the extradimension but rather because that, in an effective four-dimensional theory, only a finite number of Kaluza-Klein modes are considered.
In app.(A) and app.(B.2), a similar argumentation for periodic scalar and gauge fields in equilibrium with a low temperature thermal bath is adopted.
Retarded potential and causality
Taking for simplicity only propagation of massless fields, the relativistic wave equation in eq.(2.2) is sufficient to fix the relativistic Green function and the retarded potential. The Green function is the solution of the inhomogeneous wave equation with point-like source 33) whose solutions are the retarded and advanced Green functions
The Kirchhoff formulation allows us to write the solution for the field Φ(x, t) as a source term plus boundary terms 5 at generics initial and final time t 1 and t 2 [8] Φ(x, t) =
As we can see, only iso-periodic or null sources j(x, t) are compatible with the periodic boundary conditions in eq.(2.5).
Usually theories with periodic time are adtω dressed as being unphysical because there is no causality as long as the periodicity is regarded as static. In fact, if we were dealing with a static time compactification radius we would only investigate non-relativistic free fields in order to preserve at all times the same periodicity. It is not possible to describe events or changes in time as long as a static periodicity is assumed and there is no concept of causality. However, in the theory discussed so far the periodicity is non static but it is dynamical and local because it is related to the value of the energy in a given point, eq.(2.16). Furthermore, it is important to note that, by energy conservation, a source term turned on in a given space-time point changes the energy in another space-time point after a time delay, in agreement with causality, eq.(2.35). Therefore, assuming the dynamical compactification as in eq.(2.16) and energy conservation, we observe that when the interaction is turned on, together with the energy irradiated, there is an induced variation of the compactification radius from which more complicated and general time evolutions can be obtained. A change in the source term induces, after a transitory interval, a related change of the field periodicity itself. Hence there arises a scenario 5 As usual, we are not considering spatial boundary terms.
where a dynamical compactification of the time dimension is compatible with relativistic causality.
In fig.( 3) an intuitive picture of the change of periodicity after interaction, is given. We can imagine to have a massless field with time periodicity T γ t (p γ ) at a given spatial distance d from a rest field with time periodicity T pt t (0). After a time delay d/c the energy of the massless field is "absorbed" by the massive field which modifies the periodicity to T pt t (p ′ ). In other words, due to energy conservation and in analogy with Compton scattering, the final fundamental angular frequency must be the sum of the initial ones:ω γ (p γ ) +ω pt (0) = ω pt (p ′ ). Since the time periodicity now differs form the proper time periodicity, there is a spatial periodicity and thus a non zero momentum, eq.(2.32) and eq.(2.15). Contrary to the static compactification scenario, this means that we can distinguish between an interaction before and an interaction after absorption, thus we can give a time order to events.
All the results of this section can be interpreted as a consequence of the fact that periodic (or antiperiodic) boundary conditions are allowed by the symmetries of the relativistic action, see eq.(2.4).
In sec. (5) we will force a variation on the time compactification radius by treating the proper time as a virtual warped extra-dimension, in analogy with sec.(2.2). In moving along this virtual extra-dimension we describe a dilatation of the time compactification radius and therefore the behavior of the periodic field at different energies. This gives rise to a parallelism with the AdS/CFT correspondence.
Periodic mechanics
The previous results encourage an analysis of the mechanics of such periodic fields which we expect to be non trivial due to self-interference. We will find that these periodic mechanics lead naturally to a Hilbert space with time evolution given by the Schrödinger equation, sec.(3.1) and to a path integral formalism, sec.(3.2). Moreover commutation relations can easily be derived as in sec.(3.3) and there is implicitly an underlying Heisenberg uncertainty relation as shown in sec.(3.4). Here we focus our attention essentially on the mathematical formulation. The physical interpretation of the results and a simple interaction picture for these periodic fields will be discussed in sec. (4) and sec. (5) . Phenomenology and simple applications will be given in app.(A) and app.(B).
Hilbert space and Schrödinger evolution
The theory so far is analogous to finite temperature field theory -with Minkowskian compact time -so it is a well defined field theory. For both massless and massive periodic fields, we can explicitly write down the on-shell solutions of the equations of motion of the actions eq.(2.10) and eq.(2.27) with the following notation [10] Φ
where we define
and pn stands for the integral over on-shell momenta. The normalization factor A n in eq.(3.1) is given with respect to the inner product induced by the conservation of the charge. 6 For the sake of simplicity we continue with a single spatial dimension. Thus, the inner product associated to the underlying relativistic wave theory is
The periodic field eq.(3.1) now is given by
where the coefficients of the Fourier expansion a n can be obtained as
Being on-shell fields, after decompactification we find that the spatial components satisfy the equations of motion ( 6) and both momentum and energy eigenmodes are orthogonal and complete. Using Poisson summation 7 , the energy eigenmodes form the following complete set
The second relation shows that the spatial points, similarly to the time points, are defined modulo λ x translations, eq.(2.32). Even though the whole information is in a single elementary space period λ x , we can always write the above conditions extending the integration over the whole spatial region V x , where the field is supposed to be free and with an integer number of periods. In this case the substitution is just
The time evolution for the energy eigenmodes of this relativistic periodic field eq.(3.2) is described by the "bulk" equations of motion 8) where the frequency spectrum is fixed by boundary conditions, eq.(2.5). These equations of motion along the time can be interpreted, together with the de Broglie relation eq.(2.16), as the Schrödinger equation, since the energy eigenmodes eq.(3.2) satisfy
6 Since the zero mode is constant in time we can assume it to be zero in this section, i.e. A0 ≡ 0. 7 The Poisson summation implies that
which is the "square root" of the eq.(3.8), see also [16, 17] . Trivially, this is due to the fact that the Klein-Gordon equation is indeed the relativistic generalization of the Schrödinger equation.
Another important point is that this is the typical case where a -one dimensionalHilbert space can be defined. Because of the orthogonality and completeness relations in eqs. (3.7) , it is natural to use another inner product with respect to the one in eq. (3.3) . This inner product is defined in the following way
This naturally yields to an Hilbert space with eigenstates
Indeed, this is a typical formalization for stationary waves. Furthermore, we can construct the Hamiltonian operator asĤ
From the eq.(3.7), the time evolution for a generic state |φ(0) H = n a n |φ n H can now be written as |φ(t) H = n e −iωnt a n |φ n H , (3.13)
that is, using the Hamiltonian operator [7] , we can equivalently write
When the operatorĤ is not a function of time (no source terms and no interactions in order to preserve periodicity) it corresponds formally to the generator of time translations
This time evolution can be justified by complex dynamics caused by the periodic time dimension, and it has the Markov operator property
Using this property we divide the time interval in N elementary intervals of length ǫ
where we are using the notation t m+1 = (m+1)ǫ and t m = mǫ. Notice that for an Euclidean time, U (t + ǫ, t) is analogous to the transfer matrix of classic statistical mechanics, so a statistical interpretation of the periodic dynamics is possible.
Path Integral
We point out that all the ingredients to build a path integral are already contained in this periodic field theory: we have a Hamiltonian time evolution operator eq.(3.15), with the Markovian property eq.(3.17) and a complete set of energy eigenfunctions eqs. (3.7) . From a mathematical point of view (without any further assumptions and proceeding in standard way) we make use of the completeness and orthogonality relations of the φ n (x) in eq.(3.17), separating the space-time evolution in infinitesimal parts
The elementary periodic evolutions between the spatial points x k = x(t k ) to x k−1 = x(t k−1 ) turn out to be given by 19) with the notation ∆x m = x m+1 − x m and ∆ǫ m = t m+1 − t m . These elementary spacetime evolutions correspond to the unitarized periodic field φ(∆x m , ∆ǫ m ) (that is to say a periodic field without the coefficients A n a n ). Using Dirac notation we get the familiar form
where the operatorp is defined in analogy with the Hamiltonian operator in eq.(3.12). Plugging these microscopic evolutions in eq.(3.18) we get the formal structure of the Feynman path integral in phase space for a time independent Hamiltonian
Remarkably this result has been obtained just assuming relativistic periodic waves without any further assumption such as commutation relations between the canonical variables.
We will see in sec.(3.3) that commutation relations can be derived directly from periodic fields. Writing the expression eq.(3.18) explicitly in terms of eigenstates, that is using the elementary time evolutions eq.(3.19), we get
. (3.22)
As already mentioned the energy dispersion relation E n (p) = n ω(p) that must be considered here is eq.(2.17) for massless and eq.(2.25) for massive periodic fields. We will use this result in app.(A.3) to derive the non-relativistic free particle limit of the theory. The formal analogy of eq.(3.21) with the Feynman path integral is also manifest in the formula eq. (3.22) . In fact, the usual functional measure is reproduced by substituting the sums with an integrals over momenta and writing the spatial compactification length λ x in terms of the momenta:
In principle, the path integral formulation in terms of eigenvalues as in eq.(3.22) can also be done in the usual path integral formulation [40, 41] because the elementary space-time paths are assumed to be on-shell paths. We will check in sec.(4.1) that the integration over the completeness relations performed in eq.(3.18) can be interpreted as an integration over periodic paths as well as a self interference of the periodic field due to boundary conditions.
Commutation relations
In sec.(3.1), we found that periodic fields can be written in a Hilbert space with time evolution given by the Schrödinger equation. Now we would like to have commutation relations in order to formalize the analogy with the canonical formulation of quantum mechanics as well. Looking at the inner product in eq.(3.10) we can identify the mean value of a given observable F (x) between generic initial and final states |φ and |χ as 24) where the integration volume can be extended to the whole periodic region V x . To determine commutation relations we follow [41] , but using directly the unitarized periodic fields φ(x, t) rather than the periodic path integral. In fact, as we will see, there is an equivalence between the two formulations (compare eq.(4.5) and eq.(4.6)). We continue evaluating the mean value of ∂ x F (x). Integrating by parts eq.(3.24) and considering the periodic conditions at the boundaries, we get
Thus, by choosing F (x) ≡ x, it turns out that We thus find that the fundamental elements to build the canonical formulation of quantum mechanics are already contained in this theory.
Uncertainty relation
For a periodic wave it is possible to obtain an uncertainty rule in a rather immediate and trivial way. To determine the frequency of a free wave and thus the energy of the related mode, we must count the oscillations for at least a time interval greater than the fundamental period: the longer the measuring time, the lower the energy uncertainty.
Mathematically we can see this by noting that the phaseĒt/ is defined modulo factors 2πn. Supposing for simplicity n = 1, we can reabsorb this factor either as a variation of the time variable ∆t = 2π /Ē or of the energy ∆E = 2π /t, so that 28) which is minimized by the largest value of the time in the denominator t → T t . Finally, we recover the Heisenberg uncertainty relation 8
This is a direct consequence of the de Broglie assumption in eq.(2.16), that can be generalized [7] to
Moreover, this can be regarded as the Einstein formulation of the Bohr-Sommerfeld -or semi-classical -quantization condition: only phase-space orbits which fit in an integer number of periods T t are allowed. This formulation is useful to solve simple quantum mechanical problems such as the quantum harmonic oscillator discussed in app.(B.1).
Quantum mechanical interpretation
Since we have inferred the Hilbert space eqs.(3.7), eq.(3.10), eq.(3.11), the Schrödinger equation eqs.(3.9), eq.(3.12), the commutation relations eq.(3.27), the path integral eqs.(3.22), eq.(3.23) and, the Heisenberg uncertainty relation eq.(3.29) from the periodic field theory, it is reasonably correct to interpret it as a quantum theory. In general, the standard fields can be thought of as an integral over elementary harmonic oscillators with angular frequenciesω(p). A non interacting classical field is a plane wave with fixed momentump and therefore can be described by a single harmonic oscillator with characteristic periodicity T t (p) = 1/ω(p). Its angular frequencyω(p) must be written as in eq.(2.17) or eq.(2.25) respectively for massless or massive fields.
The usual quantization of bosonic fields (namely the second quantization) is obtained by quantizing each harmonic oscillator, that is by imposing the commutation relation These are just the admitted energies of a periodic field with periodicity T t as prescribed by eq.(2.16).
On the other hand, all the arguments given so far can easily be generalized to the orbifold case t ∈ S 1 /Z 2 , which gives the spectrum with vacuum energy
by supposing that the field is odd under the Z 2 parity (antiperiodicity). Anyway, as explained in more detail in the sec.(4.2), app.(B.1) and [33, 34] , the factor 1/2 of the energy is inessential because it is just a phase factor in front of the field. Furthermore, even the Casimir effect can be explained without assuming a vacuum energy for the photon but assuming interaction between the electrons in the two metallic plates, in complete analogy with the van der Waals classic force [42, 43] . In spite of the fact that we are dealing with bosonic fields and because of the analogy with finite temperature field theory, it is natural to assume the fermionic fields to be antiperiodic in order to satisfy the spin-statistics relation [10] . Indeed, under this hypothesis fermionic fields have a vacuum energy as in eq.(4.3). When we will speak about superconductivity in the app.(B.2), we will introduce the gauge invariance for a periodic time theory noting that it acts as a discrete shift on the energy scale. We summarize the analogy between periodic fields and quantum fields that we want to explore by saying that every non interacting relativistic field Φ(x, t) with assigned momentump has fixed periodicity T t (p) = 1/ω(p). It can be decomposed in a series of eigenstates φ n (p) with energies n ω(p) whose interpretation is in terms of the "quanta" or "virtual particle" of the related quantum field as we will discuss in more detail in app.(A). 9 As we are going to discuss, quantum mechanic behavior arises because of the very complex interference pattern of the periodic field, sec.(4.1), but the underlying fundamental theory can be regarded as being deterministic sec.(4.2).
Paths interference
We can now interpret the periodic path integral obtained in sec.(3.1) from a quantum mechanical point of view. For simplicity we will work again with a single spatial dimension. In sec.(3.1) we obtained the path integral eq.(3.22) starting directly from the periodic field without any further assumptions. In spite of the formal similarity with the Feynman path integral, we will not get an integral over non-classical paths with equal initial and final points. The integration will be over the on-shell periodic paths. The quantum behavior of periodic fields is a consequence of the interference between different periodic paths. This is reminiscent of the partition function of statistical mechanics. In particular we want to give a physical interpretation of the x m integral over the elementary periodic volume λ x (or equivalently over a whole periodic volume V x ) performed formally in eq.(3.18). In fact we can apply Poisson summation to the elementary space-time evolution eq.(3.19), obtaining
Note that the last term can be interpreted as a sum over periodic on-shell paths because of the Dirac deltas. The factor 2πn ′ translates the on-shell paths by periods as well as it can be used to change their slopes as mentioned in sec.(3.4). Furthermore we can insert eq.(4.4) into the path integral eq.(3.22) and, making use of the identity dx 2 δ(x 1 − x 2 )δ(x 2 − x 3 ) = δ(x 1 − x 3 ), we finally reduce the path integral to a sum over on-shell periodic paths between the initial and final points fig.(a) and fig.(b) respectively. The paths are drawn as light-blue lines between the initial points (lT t , kλ x ) and the final black points (0.3T t +nT t , 0.4λ x +mλ x ). In fig.(a) we used l, k = 0 and n, m = 0, 1, 2, . . . , 6 in order to consider only paths starting from the origin of the axis. The dashed green region in fig.(a) highlights the elementary periodic volume shown in fig.(b) where we also consider the degeneracy of the initial points by assuming n, m, l, k = 0, ±1, ±2, ±3.
The above relation is a direct consequence of the fact that when ∆t ≫ T t there is an correspondence between periodic translated space-time points (t m + nT t , x m + n ′ λ x ); n, n ′ ∈ Z. Therefore we can choose paths with different winding numbers to reach these equivalent final points, see fig.(4.a) . As it can be seen in fig.(4.b) , for every fixed time there are several paths passing at different spatial points. This gives a physical interpretation to the integration performed in eq.(3.18).
We want to stress that the periodic field can be thought of as already quantized field, since the sum over the periodic paths in eq.(4.5) can be obtained starting directly from the unitarized periodic field φ(x, t) in eq.(3.1). In fact, using Poisson summation we get
For a periodic field with arbitrary coefficients a n we derive, using Fourier transformation, related coefficients a ′ n ′ of the Poisson summation. Thus different weights on the harmonics give different weights for the periodic paths. Figure 5 : A small selection of periodic space-time paths are drawn in light-blue with given initial and final space-time black points (0 + nT t , 0) and (0.6T t + mT t , +5.4λ x ) respectively, modulo T t translations; n, m = 0, ±1, ±2, ±3. The black line highlights one of these paths whereas the red and green lines are two others periodic paths combined in such a way that they have the same initial and final space-time points of the black path.
We have demonstrated that the path integral in eq.(3.22) is indeed a sum over all the possible classical periodic paths, eq.(4.5). It is already encoded in the original periodic field eq.(4.6), which can be regarded as quantized. A simplified picture of this class of periodic paths is shown in fig.(5) and fig.(6) . In these figures we also show how to compose paths as suggested by eq. Figure 6 : A small selection of possible periodic space-time paths are drawn in light-blue with given initial and final space-time black points (0 + nT t , 0) and (0.6T t + mT t , +5.4λ x ) respectively, modulo T t translations; n = 0, ±1, ±2, · · · ± 10. The black continuos straight line highlights one of these paths whereas the red continuos line represents a possible path obtained by composing segments of original periodic paths. The dashed lines show the analogous configuration of paths by taking the final gray point to be (3.4T t , 5.4λ x ). Their correspond to the case with initial and final space-time points on the relativistic particle path and they give the highest constructive interference.
way the periodic paths can be reduced to variations around a given classical path with common initial and final space-time points in analogy with the Feynman picture. 10 Nevertheless, the interpretation proposed here is not completely equivalent to the Feynman one, where the fundamental principle of the least action is relaxed. In fact, in the Feynman path integral [41] the composition of these on-shell elementary paths can not give a classical path since there is only a fixed initial and final point -a unique classical path. In the periodic theory the paths that must be considered are all classical because the initial and final space-time points are fixed modulo translations of periods. For every given initial and final configuration there is a class of classical paths with different winding numbers that can interfere. Evaluating explicitly the absolute square of the periodic wave (for instance by taking the coherent state weight a n = e −α 2 /2 α n / √ n!) we would see that it is mainly localized along the relativistic particle path, where the periodic paths interfere constructively. Moving away from the path of a relativistic particle, the periodic paths have less and less constructive interference, as in the Feynman prescription. In fig.(6) the optimal constructive interference occurs between the dashed paths. In fact, in this case we are considering a final point which is on the relativistic particle path. In fig.(4) , the farther the final point is from the diagonal, the less is the path density on the diagonal.
We will further clarify the meaning of these paths by recovering the correct nonrelativistic free particle path integral, sec. (A.3) , and the wave/particle dualism, sec.(A.4).
Time deconstruction and 't Hooft determinism
As shown in [21] , there is the possibility to build a four-dimensional Yang-Mills field theory which emerges dynamically by dimensional (de)construction mechanism [20, 21] applied to replicated three-dimensional gauge theories (a moose model in three-dimensions). In such a case one obtains the Heisenberg uncertainty relation as in eq.(3.29) and a quantization of the energies. Indeed the theory described in [21] implies a dynamically constructed periodic time dimension.
Another important aspect which motivated the investigation upon periodic time dimension is the 't Hooft determinism [18, 22, 44] . It states that there is a close relationship between the quantum harmonic oscillator and a classical particle moving along a circle. We approach the 't Hooft determinism by assuming periodic fields with time period T t on a lattice with N sites, in order to deconstruct the time dimension. We associate to every discretized phase, i.e to every site of the lattice, a column state |0 , |1 , . . . , |N − 1 , eq.(4.7). The model is analogous to an harmonic system of N masses and springs on a ring. It turns out that if the time accuracy is ∆t ≫ T t , at every observation the field Φ(x, t) appears in an arbitrary phase of its cyclic evolution, so that the evolution has an apparent aleatoric behavior -as if observing a clock under a stroboscopic light [22] . In fact, as already discussed in sec.(2.2), the underlying periodic dynamics are too fast to be observed and the evolution operator is given by the N × N matrix
In the limit of large N the eigenvectors |n obey to the relation
which gives just the energy eigenvalues of the quantum harmonic oscillator -apart for an unimportant phase in front of the operator U (ǫ) which reproduces the factor 1/2 in the eigenvalues [33, 34] . From the evolution operator U (t) we can once again observe the analogy between quantum and statistical mechanics. 11 Due to the extremely fast underlying dynamics we loose information about the fundamental classical theory which give rise to the quantum behavior. For this reason we can speak about deterministic or pre-quantum theories. Motivated by the 't Hooft determinism and the attempts to quantize gravity a model of a classical particle moving in five-dimensions, two of which are compactified on a torus, is illustrated in [22, 23, 25, 24, 46] . The ergodic dynamics associated to this model give rise 11 Here we note also a resemblance with the random walk problem which was originally solved using its analogy with interference of iso-periodic waves with random phase distribution [45] .
to an effective time and thus to a so called "stroboscopic quantization". The relevant idea here is the construction of a notion of "time" based on the "ticks" of an ergodic system.
In the 't Hooft approach to determinism as well as in the model with "stroboscopic quantization" there is the attempt to avoid local hidden variables. It is worth noting that the approach with compact time proposed throughout this paper, has no explicit local hidden variables that must be integrated out to get the quantum observables, we have just space and time coordinates, which are physical variables. On the other hand the periodic conditions in eq.(2.5) can be regarded as a non locality. Therefore the presented deterministic model represent a possible way out of the Bell's inequality or similar Non Local Hidden Variable theorems [26] .
Concluding this section, we note that for a usual field with the real time dimension on a lattice we have φ n (x, t) → e −i n R ǫ φ n (x) = e −iωnǫ φ n (x), where ǫ is a small time interval.
We have thus found an resemblance between periodic time theory and lattice time theory. The discrete time jumps between two lattice cites can be used to formulate quantum-like theories as in [47, 48, 49] . Moreover, geometric quantization [50, 51] seems to indicate another connection between the notion of time and quantization. In fact, in this theory quantization is achieved by integrating out two grassmanian partners of the physical time.
The statistical interpretation of the probability density amplitude which must be associated to the periodic fields in order to reproduce the quantum probability is given by the inner product related to the Hilbert space eq.(3.10). It can be regarded as the nonrelativistic limit of the statistical charge density defined with the inner product related to the relativistic conserved current of the field, eq.(3.3), for more detail see [52, 53, 54] .
So far we have illustrated the formal and conceptual correspondences between a field theory with periodic time dimension and the usual quantum theory for a free field. In the appendix of this paper we will give examples and applications, for a more complete picture of this parallelism. There we will give an interpretation of typical quantum phenomena such as the black body radiation, app.(A.1, A.2) and the wave/particle dualism, app.(A.3, A.4). Furthermore we will show in app.(B) that, by imposing periodicity, it is possible to give predictive results. Simple problems of non-relativistic quantum mechanics such as the one dimensional quantum harmonic oscillator are discussed in app.(B.1). In app.(B.2) we will study less trivial quantum phenomena such as superconductivity.
In the next section we will try to extend this correspondence to interacting fields. More in general, the parallelism we want to verify is the one between field theory with compact time dimension and the usual quantum field theory.
Towards the formalization of interactions
The exact solution of the interaction between periodic fields and thus the transition between to different periodic regimes is beyond the scope of this article. Most likely, it would require the development of a perturbative theory starting from the periodic path integral eq.(3.21), or from small perturbations of the compactification radius. Nevertheless we can try to give qualitative considerations by thinking about approximate solutions for simple interacting systems. A trivial example as already mentioned is Compton scattering. Its solution using the periodic approach is formally the usual one: we must merely consider the energy conservation in the interaction point for the on-shell compact fields and the consequent change in periodicity, similarly to fig.(3) .
From a mathematical point of view the exact solution of the interaction between fields with different periodicities is a non-trivial problem. For some aspects it can be associated to field theory at finite temperature outside the equilibrium: the fields during the interaction pass from one periodicity to another through variations of the compactification radius. This argumentation leads to field theories on curved space-time. But there are also similarities with string theory. We just point out that the fundamental assumption of strings are the two worldsheet parameters, one of which is compactified -on a circle in the closed string case. This parameter is the analogue of our periodic wordline parameter, that is the proper time of the massive periodic fields.
The schematization of interactions is given by assuming periodic fields and deforming the original Minkowskian -flat -metric used so far to describe of quantum free fields. In the simple case where this deformation is given by a warped metric we point out a further analogy that motivated the study of fields in compact time, that is the analogy with the AdS/CFT correspondence. Here we will give a rough overview of this analogy and of its possible applications, further details will be given in a dedicated paper. The AdS/CFT correspondence is shortly reviewed in sec.(5.1). Since interactions change the size of the compactification radius, we shall see in sec.(5.2) that a simple interaction scheme can be effectively described by a virtual warped metric obtaining an approximative description of quantum behavior with the energy.
AdS/CFT
There is another important issue which seems to relate a compactified dimension with a quantized theory, this is the AdS/CFT correspondence. 12 Concerning field theory, a simplified formulation of this correspondence is given by using holography [55, 56] . In general, it consists of projecting the classical bulk dynamics on the boundaries by imposing the bulk equations of motion for the bulk field Φ as a constraint with given boundary value Φ| Σ = φ Σ . In this way we are left with a lower dimensional theory where the relevant d.o.f. are the so called source or interpolating fields φ Σ . In fact, taking a d = D + 1 dimensional theory with one dimension on a compact bulk we reduce the original d dimensional (classical) action to the holographic form
This is a D dimensional action which encodes the information of the classical bulk configurations of the d dimensional fields. 13 12 Conjectured by Maldacena in 1997 [29] the original formulation states that the IIB string theory on AdS5 × S 5 is dual to the N = 4 supersymmetric SU (N ) Yang-Mills theory in the 't Hooft limit g 2 Y M N ≫ 1, where gY M is the Yang-Mills coupling. Since the Yang-Mills theory involved is a conformal theory in the limit prescribed by the conjecture, we have the important property that a strongly coupled quantum field theory turns out to be dual to a classical (tree level) string theory. 13 In this section we adopt the natural units = c = 1.
Associating to the AdS bulk field Φ(x, y) a conformal field theory operator O with source field φ Σ (p), the meaning of the correspondence can be summarized by the following identity [55] 
In other words we can see that with the AdS/CFT correspondence any given (classical) geometric configuration of a d dimensional field in the AdS bulk has in the holographic formulation a dual interpretation in terms of a D dimensional strongly coupled (quantized) CFT. Hence, taking D = 4, there is the remarkable property that the partition function of a four-dimensional holographic theory is related to the generating functional of a strongly coupled CFT [30, 56] . 14 Under this correspondence we find that the holographic correlator Π Holo (p 2 ) of the AdS classical dynamics is dual to the CFT two point function O(p)O(−p) .
Compact time interaction picture
In the attempt to interpret our theory in terms of the Maldacena conjecture we will use the thermodynamic approach to QCD. As in [27] , we can imagine that, for example in a collider experiment, we have a volume of quarks and gluons at high temperature T = h Kβ , that is at high energyĒ = ω = /R t . Using our terminology we can assume that this quark-gluon plasma is constituted by massless periodic fields with small time periodicity iβ = T t . More details about periodic fields at the thermal equilibrium are given in app. (A.1) .
We now assume, as in thermal QCD, that the system radiates energy, for instance hadronically or electromagnetically, as long as the temperature of the fields is higher than the surrounding environment. So we can say that this thermodynamic system passes adiabatically from a high temperature state to a low temperature state, i.e. from a short to a long periodicity T t ≪T t . For the sake of simplicity we assume that no phase transitions occur during the freeze-out, i.e. the way the system looses energy is due to the same kind of interaction at every energy. 15 From the Bjorken hydrodynamical model [28] and in analogy with a thermodynamic system [27] , it is natural to the assume that the freeze-out of our system is exponential, so the variation of the time periodicity is given by a warped dimension, as shown in fig.(7) . In fact, in first approximation, we may think of the freeze-out as inducing a regular exponential dilatation of the time and spatial dimension
Here the proper times, being a relativistic invariant, has been used to parametrize the freeze-out. Taking as in sec.(2.2) the proper time as a virtual extra dimension, we describe 14 Eventually, the eq.(5.2) should be functional integrated over all the four-dimensional configurations φΣ or we must introduce brane kinetic terms for the source fields as prescribed in CFT. Nevertheless kinetic terms can also arise from the holographic action to give dynamics to the relevant fields [57] . 15 A rigorous treatment of the quark-gluon plasma should consider possible new resonances and thus possible phase transitions.
the exponential dilatation of the space-time periodicity as a warped metric
The dilatation of compactification radius can therefore be expressed in terms of the conformal parameter z = e ks k which indeed turns out to describe a conformal metric
As usual, to describe the evolution with the energy we use an UV scale Λ (usually called Planck scale) and an IR scale µ (usually called T eV scale) respectively at z = R ′ = 1/Λ and z = R ′′ = 1/µ. The warped metric parametrizes the exponential decay of the energy and of the temperature of the system. In other words, putting the field in an AdS slice is like forcing interactions on our field since it is forced to change its periodicity. This interaction picture is very approximative: we do not specify which kind and how many interactions are involved. The only information we have about the interaction comes from the curvature and from the conditions on the eventual boundaries of the AdS slice.
AdS CFT Though this is a very approximative description of the interaction, the quantum evolution of the coupling constant can be obtained qualitatively. Assuming the correspondence between usual quantum field theory and the compact time field theory investigated throughout this work, we expect that the variation of the compactification radius with the conformal coordinate z describes an evolution of the quantum observables with the energy. In this scenario our correspondence can be interpreted as an AdS/CFT dualism. The topic is too wide to be treated here in detail. In order to show an example of this quantum evolutions, we review the particular case of the AdS/QCD following some of the founding papers on the subject [32, 31, 58, 59] . We simply suppose a five-dimensional gauge theory with bulk coupling g 5 and with Neumann boundary conditions in order to have a flat zero mode A 0µ (x).
We simply suppose a five-dimensional gauge theory with bulk coupling g 5 and with Neumann boundary conditions in order to have a flat zero mode. Then we apply the holographic prescription using as interpolating field the IR source field A µ (q). In Euclidean momentum (q → iq) and expanding in the limit of large four momentum with respect to the IR brane (Λ ≫ |q| ≫ µ) we get
Identifying the source field as the vectorial field of a chiral theory SU L (N c ) ⊗ SU R (N c ), we can approximatively match the QCD vector-vector two point function by supposing [58, 31, 59] 1
This gives an estimation of the logarithmic running of the gauge coupling as obtained from quantum corrections even though we are using a classical configuration of fields. The curvature encodes the strength and the number of possible interactions of the field, that is the gradient of the freeze-out. Roughly speaking, in the effective limit one can approximately match the correlator obtained from the holographic formulation of a suitable AdS (classical) gauge theory with the QCD correlator; this has been addressed as the "Grand Unification Theories without the Desert" [31] . In a bottom-up approach to AdS/QCD, one can implement a five-dimensional chiral model with realistic predictions for the masses and decay constants of the light vector and axial-vector mesons, form factors, vector meson dominance, and Weinberg sum rules, in sufficient agreement with the experimental data [31, 32, 58, 60, 61, 62] .
Outlooks
The AdS/QCD correspondence arises in many unexpected forms. For example, using unparticles, a good approximation of the quantum running of the QCD spectral density is achieved with the holographic correlator of a suitable AdS theory [63, 64, 65, 66] , that is as a sum over Kaluza-Klein four-dimensional classical propagators.
On the other hand, it is also well known that five-dimensional Yang-Mills theories in an AdS slice, such as the Randall-Sundrum model [67] , are good candidates for physics beyond the Standard Model. Moreover, without introducing any Higgs sector, in these Standard Model extensions there is the possibility to rise the unitarity breakdown scale of the W W elastic scattering amplitude and achieve the correct electroweak gauge symmetry breaking pattern, at the expense of a fine tuning [35, 68, 69] . 16 Using the AdS/QCD correspondence, the electroweak corrections of these Higgsless models came from the bulk sector and they may be seen as dual to a strongly interacting sector such as Technicolor, that is to a QCD-like theory [58, 72, 73] but with a shifted energy scale with respect to the usual QCD. As already mentioned in sec.(2.2) our periodic field can be seen as a coherent state of virtual Kaluza-Klein modes and the proper time as a virtual extra-dimension. In this work we are concerned essentially with bosonic fields since fermionic fields have a less simple formalization [57, 68, 69, 74] due to the Dirac equation and shall be the subject of further studies together with considerations about extra-dimensional theories.
Conclusions
We investigated the hypothesis of a dynamical and local time periodicity, extending the "old quantum theory" in a deterministic way. The resulting theory respects Lorentz invariance, preserves causality, and reproduces the relativistic field theory in the limit of an infinite compactification radius. Indeed, special relativity prescribes that time is a local property. In the periodic field theory this property is manifest through the inverse proportionality between the energy and the time periodicity. We found that a massive periodic field, whose characteristic rest width is its Compton length, has a characteristic rest periodicity fixed by its mass. If the field is observed from different inertial frames, this periodicity appears to be contracted, in agreement with retarded potentials and relativistic dispersion relations. This is because periodic boundary conditions, similarly to the usual boundary conditions, respect all the symmetries of special relativity. We can interpret this by saying that in a relativistic framework, every space-time point has its own microscopically periodic clock, whose frequency depends on energy in that point.
The study of the compactification of the time dimension has highlighted remarkable connections between relativistic, quantum and thermal theories. We pointed out several correspondences to the usual quantum theory such as the arising of a discretized energy spectrum, of commutation relations and of uncertainty relations. Moreover, the effective time evolution of a periodic field is described by the Schrödinger equation in a Hilbert space. This led to a path integral formulation, since there are different trajectories between the initial and final points which gave rise to an interference between different paths. As a consequence of the periodic nature of these fields, typical quantum mechanical phenomena such as black body radiation, the double slit experiment, the quantum harmonic oscillator, and superconductivity can easily be reformulated. The connection with thermal theory came because of the close analogy with the finite temperature field theory, and because of the underlying statistical laws. Indeed we have tried to construct a consistent description of these three theories using the simplest physical system possible, essentially waves with boundary conditions.
The compact time field theory proposed here is a good candidate for pre-quantization since quantization arises from a deterministic theory instead of being imposed. As the AdS/CFT correspondence, which seems to have an immediate interpretation in this theory, the results obtained so far are non trivial. They seem to open a new scenario where a compact time dimension arises as something more physical than a simple mathematical trick, as believed in finite temperature field theory. Indeed, a dynamically compact Minkowskian time leads to the concrete possibility to combine special relativistic and quantum theory in a single and coherent theory. The great advantages of such deterministic theory can be potentially extended to all quantum mechanical applications but especially in those branches where the two theories seem to be in conflict, such as some aspects of high energy quantum field theory and quantum gravity.
A conceptual effort is required for a deeper understanding of this theory, because it adds a property of recursivity to our interpretation of time. The time in this theory is of course the relativistic time, and it respects all its properties through the relation between periodicity and energy. But this periodicity does not mean that the physical world should appear periodic. In fact there is not a single static periodicity which would serve as privileged reference. On the contrary, systems at different energies have different periodicities. The combination of these different periodicities, that in principle may vary between the Planck time ∼ 10 −44 s to the age of the Universe ∼ 10 15 s or more (in the hypothesis of a cyclic universe), are the reason of our perception of time flow. Combining different periods we can indeed fix and order events in time. This concept has a precise mathematical justification, in fact Fourier showed that every regular not necessarily periodic function can be expressed as an integral over periodic functions. The non periodic phenomena that we observe can be easily explained by the fact that systems can pass from a periodic regime to another through interactions (energy exchange). If non periodic systems or systems with periodicities larger than our observation time are interacting with the system we are measuring, its periodic evolution will be no more manifest. For instance the universe can be cyclic or not, and with respect to this master time scale more and more events appear to have or have not a periodic nature.
Time can be defined by counting the number of oscillations of the Cesium atom or of the incense lamp of the Pisa Dome, the number of the orbits of the Earth or of the Moon. But these definitions inevitably make use of the a priori assumption of periodicity. 17 For this reason, and for the others exposed in this work, we consider it worth investigating the physical consequences of an intrinsically cyclic nature of time.
A. Phenomenology
By introducing thermal fields, sec.(A.1), we will see how it is possible to derive the relativistic and the quantum limit for a massless scalar fields, reproducing the black body radiation, sec.(A.2). Furthermore we will derive the free particle and the relativistic quantum field limit for the case of massive fields, sec(A.3), giving an interpretation of the double slit experiment, sec.(A.4).
A.1 Thermal field
The described theory with periodic time dimension in Minkowskian space-time is reminiscent of the finite temperature field theory [10, 9] . The analogy is given by passing to a Euclidean time with periodicity proportional to the inverse of the temperature T t → iβ, where: β = h KT , T is the temperature and K is the Boltzmann constant. Therefore the decomposition of the wave function with Matsubara frequencies ω n,β corresponds to ω n → ω n,β = 2π β n. The Matsubara frequencies are related to the periodicity β of the imaginary time as the physical frequencies are related to the periodicity 2πR t of the real time.
Furthermore, as in [75] , we note that the classical statistical mechanics partition function in the continuum limit is related to the Feynman path integral by substituting the real time interval t ′′ − t ′ with the imaginary time iβ. The quantization of the statistical mechanic system is then obtained by supposing the periodicity condition Φ(x, 0) = Φ(x, iβ) for bosons (or antiperiodicity for fermions). The relevant issue here is that the quantization of a three-dimensional statistical theory passes through the compactification of the imaginary time of the related four-dimensional Euclidean field theory. 18 This "mathematical trick" is analogous to the quantization of the relativistic waves through periodic boundary conditions exposed in this paper.
What we want to point out here is that a periodic field in equilibrium with a thermal bath at temperature T , shortly the thermal field Φ β (x, t), can be obtained by translating the real time of a flat fieldΦ(x, t), i.e. a field with a n = const, by a finite imaginary quantity t → t − iβ. In fact from the Boltzmann law it follows that a thermal field has the spectral composition
so that a field with energy gap ω and temperature T is
We can see from this formula that in a thermal field at low temperature with respect to its characteristic frequency ( ω ≫ KT ) only the lower modes are excited, so its discrete spectrum is more evident than in a field at high temperature. Indeed the former case is the discretized limit T t ≪ iβ. On the other hand, if the thermic energy is larger than the characteristic energy gap ( ω ≪ KT ), we have the relativistic field limit since T t ≫ iβ.
A.2 Black body radiation
Bearing in mind the above considerations, let us summarize the different steps of the compactification procedure for a massless field. We start with the fundamental action
We want to analyze a relativistic periodic field in a bath at high temperature, KT ≫ ω. Using a common language, we can refer to this situation where many levels are populated by saying that the field is in the low temperature limit with respect to the bath -we may also say that it has high intensity as well. In this limit the compactification radius tends to infinity and the energy gap appears to be infinitesimal small, leading to a continuous spectrum. Notice that this limit is given by R t → ∞, i.e. → 0. Indeed we recover 18 In addition to this the fields are functionally integrated over all the periodic configuration.
the relativistic field where time can be regarded as having no boundary conditions so that quantum effects are negligible. Therefore we can either address this situation by saying that the field is observed at a small distance d ≪ cT t , or at high energy ω ≫ ω. If we decrease the thermal energy in order to excite only the lower energy levels, lets say KT ω, the theory will appear as a finite sum of three-dimensional actions
This limit is described by a Hilbert space with commutation relations and Schrödinger evolution. This is the case in which the field is observed with an energy of the order of the fundamental energy or less E /R t . It can be regarded as the quantum limit since it is obtained for R t → 0, i.e. → ∞.
The black body radiation has a well quantized behavior for those fields with high angular frequenciesω ≫ KT / , in agreement with our analysis. In such a way the ultraviolet catastrophe can be avoided by assuming a compact time. 19 A.3 Non-relativistic free particle
In the massive case we obtain analogies between quantum field theory and the periodic field theory as well. The periodic path integral eq. (3.22) in this case has the relativistic dispersion relation eq.(2.26). We start with a field with small momentum |p| ≪M c, i.e. a periodic field prepared at very low temperature with respect to its mass (KT ≪M c 2 ). This corresponds to the non-relativistic limit
In this case only the first energy eigenmode is largely populated and it has the above non-relativistic free particle dispersion relation. Moreover, taking into account only this fundamental mode (n m = 1) from the sum in eq.(3.22), we find
The first terms in the exponent is the proper time periodicity or the de Broglie periodic phenomenon, eq.(2.28). The second term reproduces formally the usual Feynman path integral for a non-relativistic free particle. This result can be interpreted in the following way. According to sec.(2.2), the previous result is obtained in the limit of a heavy rest mass, which means large energy gaps between the quantized levels. Thus, keeping constant, 19 For some aspects this regularization is similar to the regularization of the elastic
Higgsless theories, where Kaluza-Klein modes unitarize the amplitude making the Higgs sector inessential [35] . In fact the Higgs sector in the Standard Model is introduced in order to unitarize the elastic W + W − scattering and to break the gauge symmetry, but extra dimensions provide alternative mechanisms for both these essential aspects thanks to Kaluza-Klein particles.
we are assuming a small proper time compactification radius R τ . Equivalently, we can achieve this free particle limit also by keeping the mass constant and supposing a small . In fact eq.(2.22) tells us that the limit of small can only be done by supposing small compactification radius R τ , i.e. small Compton wave length.
We conclude that the non-relativistic description of a massive periodic free field is given in terms of a classical particle since the periodic nature becomes important. On the other hand, in the relativistic limit more and more quantum levels can be exited since the periodicity condition becomes less and less important revealing the underlying wave nature.
A.4 Double slit experiment
Now we can reinterpret the wave and particle duality in quantum theory. We have seen that a massive bosonic field in the non-relativistic limit gives the sharp distribution eq.(A.6) which can be approximated by a Dirac delta. It can be identified with the single particle limit. Increasing the energy, or observing the field at a distance of the order of the Compton length, eq.(2.29), the previous approximation is no more admissible since we reach higher harmonics of the field, and the system must be described in terms of localized relativistic waves. Nevertheless, we have also seen that in the ultra relativistic limit the fields can be written in terms of a sum over Dirac deltas. This can be regarded as a multiparticle state. Thus, saying that the field we are dealing with is a field of coherent particles, we get an interpretation of the wave/particle duality.
It is well known that over distances much smaller than the Compton length (energies larger than h/T τ ), quantum effects become predominant in the sense that the wave nature of the particle becomes manifest through multiparticle states arising from pair production. Regarding the double slit experiment for a periodic massive field, we conclude that if the slit distance d is larger than the wavelength cT t (p) (which in the rest frame is the Compton wavelength λ s ) we are in the non-relativistic limit (cT t (p) ≪ d). The wave function is a sharp distribution which can be thought of as a classical particle, see eq.(A.6). On the other hand, if the slits are closer than cT t (p) (thus closer than the Compton wavelength λ s ) we have a wave behavior which can be thought of as a multiparticle state, due to eq.(4.4). In the latter case, the field can self interfere after it passes the two slits. Nevertheless, as its width is always given by the Compton length, it will be observed again as a particle, in first approximation. Similar arguments hold for the massless field, where the single particle limit is given by the limit T t ≪ iβ in order to populate only the first energy level predominantly.
B. Applications
In order to illustrate the parallelism between the periodic fields and usual quantum mechanics we look at two different applications. The first is the most fundamental quantum system, the harmonic oscillator. As a second application we take a non trivial quantum phenomenon, superconductivity, which turns out to be an application of the gauge symmetry breaking in compact dimensions.
B.1 Quantum Harmonic Oscillator
Taking into account all previous arguments, the quantized harmonic oscillator turns out straightforward. We have just to impose that the solution is a wave with the characteristic periodicity of the system T t = 2π/ω.
In one spatial dimension, the classical Hamiltonian of the harmonic oscillator is H = mẋ 2 2 + mω 2 x 2 , (B.1) therefore the energy of the system is given by
Even though this is not a relativistic system, we assume that the solution is a wave. Let's suppose for a moment that it has generic (anti)periodicity 2π/ω. Therefore it can be decomposed as Φ(x, t) = n φ n (x, t) = n e i(n+1/2)ωt φ n (x) .
(B.3)
In analogy with the Klein-Gordon case we take i ∂ t φ n (x, t) = E n φ n (x, t) and i ∂ x φ n (x, t) = p n φ n (x, t). The Schrödinger differential system we must solve is therefore
Proceeding in a standard way we define x = ρy with ρ = mω . Expressing the ratio between the two periodicities involved as ǫ ′ = 2ω/ω, the differential system becomes 3) has the characteristic (anti)periodicity of the systemω ≡ω, i.e. ǫ ′ ≡ 2, we get the usual analytical solution of standard quantum mechanics.
Some comments are in order. We have used antiperiodic instead of periodic boundary conditions, to retrieve the unimportant factorω/2 [33, 34] of the energy eigenvalues -to emphasize that we use the expression "(anti)periodic". Regarding the negative energy solutions we can proceed as in [33, 34] and find that, in analogy with the normal ordering, "the lower energy state can be postulated at any arbitrary value" [33] . Furthermore, as we can see from the relativistic action eq.(2.27), in the fundamental theory the energy eigenvalues are always positive defined similarly to the masses of the Kaluza-Klein theory, but they can be given by positive or negative frequencies. In the next section we shall see that this fact is closely related to gauge invariance.
Analogous quantum problems such as waves in a well potential or with Dirac delta potentials and the tunneling effect are similarly straightforward. Their solution is completely analogous to the solution of the mass spectrum for extra-dimensional classical fields with branes [16, 17] .
The procedure adopted here can be extended to the three-spatial dimensional case where there is also a quantization of the angular momentum due the azimuthal periodicity (a periodicity for ϕ → ϕ + 2nπ). Replacing the harmonic potential with the Coulomb potential, the possibility of an interpretation of the electronic orbitals in terms of periodic waves arises. We must only keep in mind the de Broglie interpretation of the Bohr atom. The allowed solutions of the related Schrödinger problem, the analogous of eq.(B.4), are such that the number n of periods of the electron wave function along the orbital must be an integer. This is the periodic condition we need. In this way we get the atomic energy levels and n is the principal quantum number. Schrödinger problems with different time independent potentials, even in systems without a characteristic periodicity at every energy, can be approached generalizing the Bohr-Sommerfeld -or semi-classical -quantization, that is allowing only orbits with an integer number of periods. Being in these cases the energy a constant of motion, it is convenient to count the number of time periods rather than wavelength, that is to apply the condition eq.(3.30).
B.2 Superconductivity
In this section we want interpret superconductivity as a direct consequence of the abelian gauge theory for fields with a compactified time dimension as introduced in [9] . In fact, at low temperature a four-dimensional electromagnetic gauge theory with compact time has an effective gauge symmetry breaking, in analogy with the symmetry breaking mechanisms used in effective extra-dimensional theories such as Higgsless models or Gauge-Higgs unification models. To do so we use the approach given in [36] , where superconductivity is introduced as an effective breaking of the electromagnetic gauge invariance at low temperatures. Lets start with the electromagnetic Yang-Mills action where F µν (x, t) = A ν,µ (x, t) − A µ,ν (x, t) and A ν,µ (x, t) ≡ ∂ µ A ν (x, t). Because of the periodicity along the time direction, the field can be decomposed as and ∂ t u n (t) = −iω n u n (t). For a generic gauge transformation we have Since the eigenfields A µ n (x) do not depend on t we write φ n (x, t) = F n (x) + tΩ n ; Ω n = const . (B.11)
On the other hand the eigenfunctions u n (t) for n = 0 are such that 2πRt 0 dtQ µ (x, t) = 0 , (B.12)
Therefore we get that also the functions φ n (x, t) are periodic (φ n (x, 0) = φ n (x, 2πR) for n = 0) as well, thus Ω n = 0 , ∀ n = 0 . (B.13)
The φ n (x, t) are the phase of the gauge transformation associated with eq.(B.8)
U (x, t) = e − i eφ(x,t) .
(B.14)
as a consequence we must suppose
(B.15)
In fact, the periodicity of the gauge field implies that the phase of the gauge transformation is periodic modulo factor 2πm, that is eφ(x, 0) = eφ(x, 2πR) + mod(2πm) .
(B.16)
We note that Ω 0 plays a role similar to the energy in the phase factor of eq.(B.14), where it appears multiplied by the time, see eq.(B.11). We can actually infer that the gauge invariance is related to an discrete arbitrary shift of the energy. where A 0 (x, t ′ ) is the pure gauge that can only vary by discrete amounts. Therefore only the spatial components of the vectorial field are left in the action
We proceed in analogy with the decompactification of an extra-dimensional Yang-Mills theory. Using the orthogonality relation between the functions u n (t) and integrating over the time dimension, we obtain the dimensional reduced action This equation shows that at low temperature, we have an effective theory where electromagnetic gauge invariance is effectively broken by truncating the sum over energy eigenstates.
We say effective braking because, as long as we consider all the eigenmodes, the original electromagnetic gauge invariance is not broken. The gauge transformation A i n (x) → A ′ i n (x) − t ∂ iφ n (x) can be viewed as a periodic boundary conditions up to a twist factor A µ (x, 2πR t ) = A µ (x, 0) − 2πR t ∂ iφ (x) , (B Using this result we proceed as in [36] . We note that the energy has a local minimum where the electromagnetic field is pure gauge, so that, deep inside a large superconductor, the magnetic field should vanish. This is the Meissner effect. On the other hand, if the thickness of a superconducting ring is much larger than the penetration length we can draw in it a contour Σ A where the A i = 2πR t ∂ iφ . Therefore, running along this contourφ can only vary by discrete amounts 2πn /e, eq. The magnetic flux is quantized, that is the current can not smoothly decay and there is not ordinary electric resistance. This is the superconductive regime and it is a quantum effect since it disappears in the classical limit, → 0. 20 The factor 2 can be eliminated considering an Orbifold S 1 /Z 2 . Using the substitution eq.(B.23) in the spatial covariant derivative of a time independent Goldstone theory, we get an interesting link to the Ginzburg-Landau theory of superconductivity and thus to other quantum phenomena such as Bose-Einstein condensation.
